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Abstract

We describe our parallelization of an unconditionally stable
solution scheme of the Navier-Stokes equation that has re-
cently been used for animation purposes. Our parallelization
gives good speed-ups on current multi-processor workstations.
These speed-ups close the gap that existed towards real time
animation for several 3D-examples. In addition to paralleliz-
ing the solver software the integration of a fast 3D-volume ren-
derer into the parallel framework has been an important step to
achieve this goal. Our parallelization is portable on worksta-
tions and PC’s running under the UNIX or the WIN32 operat-
ing systems.
Keywords: Parallel/distributed algorithms; performance eval-
uation and measurements; fluid simulation; volume rendering

1 Introduction

Some of the most fascinating observations one can make
in nature can be explained as effects of turbulent fluids or
gases. So simulating turbulent fluids is not only a major
topic in engineering butcomputational fluid dynamics(CFD)
has also become a topic in computer graphics and animation
[1, 2, 3, 4, 5, 6]. However, in an animation context the topic
of real time simulations is much more important than in a gen-
eral engineering setting, whereas the accuracy of the simula-
tions can be much less in general: very often the result of the
simulation has to be just “visually right”. So the introduction
of an unconditionally stable solution scheme of the Navier-
Stokes equations into the area of computer graphics [6] was
seen to be an important step by the graphics community.1 Us-
ing this scheme an animation system that allows the real time
simulation of 2D-turbulent fluids was implemented. For 3D-
examples the described animation system was about a factor
of 4 slower than real time.

In this paper we show that this stable solution scheme
is well suited for parallelization and we describe a parallel im-
plementation that is portable on workstations and PC’s running
under the UNIX or the WIN32 operating systems. We achieve
good speed-ups closing the gap that existed towards real time
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1The “almost sufficiency” of staying in the stability region of a solution
scheme for animation purposes has also been used in other contexts, cf. [7, 8].

animation for several 3D-examples. In addition to paralleliz-
ing the solver software the integration of a fast 3D-volume ren-
derer into the parallel framework has been another important
step to achieve this goal.

Although there is a lot of work on parallelizing pro-
grams for computational fluid dynamics we are not aware
of any prior attempt in this direction for the stable solution
scheme and its specific components described in [6].

2 Preliminaries

There is a vast literature on computational fluid dynamics. For
some recent textbooks we refer to [9, 10, 11, 12, 13]. For the
specifics of the sequential algorithm that is the basis of our
work we refer to [6].

Since for real time animations a parallelization over a
network has a too high latency, we focus on shared-memory
architectures, which are nowadays available in the form of
relatively low cost multi-processor PCs or workstations. The
general programming paradigm that is available for these plat-
forms is the one of multi-threaded programming. Although
quite similar from a programming point of view the APIs that
are offered by the WIN32 operating systems and the various
UNIX systems differ. However, it is possible to provide ab-
straction classes with little performance overhead that allow a
platform independent access to the thread systems. TheAdap-
tive Communication Environment(ACE) [14] and the OMNI
thread package [15] are two such packages. Currently, we use
the OMNI thread package as an platform independent abstrac-
tion for the threads of the WIN32 operating systems and for
POSIX threads, but switching to another one like ACE would
be possible with a moderate programming effort.

The windowing classes that we use are completely writ-
ten in Qt [16] in order to allow a platform independent imple-
mentation. The graphical context of the window is filled with
rendered OpenGL graphics [17]. These two together allow our
program to run on all Operating Systems which support Qt and
OpenGL.

Thus our system in particular runs under the WIN32 op-
erating system and most of the UNIX systems.
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3 The Sequential Algorithm

3.1 Simulation Program

The simulation program solves the Navier-Stokes equations

∇ · u = 0 (1)

∂u

dt
= −(u · ∇)u− 1

ρ
∇p+ ν∇2u + f (2)

for an incompressible fluid, whereu is the velocity vector field,
v is the viscosity,d the density,p the scalar pressure field and
f the external forces acting on the fluid, e. g. buoyancy.

In an incompressible fluid the role of the pressure is to
allow continuity to be satisfied. It is therefore possible to write
eqn. 1 and eqn. 2 as just one equation using an operatorP ,
which orthogonaly projects a vector field on to the set of di-
vergence free fields. Using this operator the equations 1 and 2
can be written as

∂u

dt
= P(−(u · ∇)u− ν∇2u + f) . (3)

It is this equation that is solved by the simulation pro-
gram.

A fractional step method consisting of the following
parts is used to solve the equation. The method we use for
the solution is the described in [6], to which we refer for more
details and a theoretical base for this method. We just sketch
the main steps as a reference for the parallelization.

w0(x) addforce→ w1(x) advect→ w2(x) diffuse→ w3(x)
project→ w4(x)

(4)

3.1.1 Add force

The effect of the external forces is solved using an ordinary
explicit Euler scheme.

w1(x) = w0(x) + ∆tf(x, t) (5)

3.1.2 Transport

Using a technique based on the method of characteristics the
nonlinear transport (advection) part of the equation is solved.
This method has several advantages. Two of them are ease of
implementation and—as will be shown later—ease of adap-
tion to parallel computing. A pointx is back-traced along a
streamline in the old vector field to timet = −∆t. The ve-
locity at x in the new vector field is then set to the value at
the back-traced point. Velocity vectors not directly on a grid-
point are defined using trilinear interpolation from the adjacent
grid-points. Using a functionp(x, t) defined as the streamline
passing through pointx at t = 0 the step can be written as

w2(x) = w1(p(x,−∆t)) . (6)

A particle tracer can easily be implemented using any
standard ODE solver. The choice for the program described in
this paper is a Runge-Kutta solver of the fourth-order.

3.1.3 Diffuse

The third step deals with the effect of viscosity. This step cal-
culates the solution of a standard diffusion equation for each
Cartesian component of the vector field. These equations are
solved using an implicit Euler scheme, so the resulting system
is

(I− ν∆t∇2)w3(x) = w2(x) , (7)

where the∇2 operator is approximated using finite differ-
ences. Several efficient methods for solving such equations
exist. Specifically in the implementation described in this pa-
per thepois3d -solver from the FISHPAK library is used.2

Although this routine has a complexity of about
O(n log n) and this equation can be solved theoretically in
O(n) using a multi-grid method [18], the practical perfor-
mance ofpois3d is much better on the currently used grids:
For grids consisting of about 4000 cells thepois3d routine
is about 10 times faster than the best of the multi-grid methods
that we have tested, for grids consisting of about 125000 cells
it is still about a factor of 9 faster.3

If the viscosity is 0, an approximation that might be
made for air, the diffusion step can be omitted.

3.1.4 Project

The vector field produced by the above steps are not ensured
to satisfy the continuity equation. The final step is therefore
a projection step which makes the field divergence free. The
step can be written as

∇2q = ∇ ·w3 (8)

w4 = w3 −∇q . (9)

This Poisson equation is solved using the same subroutine that
is used in the diffuse step.

3.1.5 Computing scalar quantities

The evolution of a scalar quantity, e. g. temperature or smoke
density in the fluid is computed using a method very similar to
the one for the vector field described above. The equation that
describes the behaviour of the scalar field is

ds

dt
= −u · ∇a+ κ∇2s− αs+ S , (10)

whereκ is the diffusion constant,α the dissipation rate and
S a source term. All terms are solved using the same steps
that are used for the vector field except ofproject, which is not
needed. The dissipation term not present in the Navier-Stokes
equations is solved using the following equation

(1 + ∆α)s(x, t+ ∆t) = s(x, t) .

2FISHPAK is available fromhttp://www.netlib.org .
3The computation time ofpoisd3 strongly depends on the largest prime

factor of the grid dimension (plus one), e. g. the computation time on a cube
of (32− 1)3-cells is much smaller than the one on a cube of(31− 1)3 cells!
The given factors are the ones for the “good” grid sizes. For “bad” grid sizes
the factor is about 5.

http://www.netlib.org


3.2 Volume Renderer

For efficient volume rendering a splatting algorithm [19] is
used. Instead of the accumulation of the volume data along
rays as in a standard ray casting algorithm, volume elements
are projected onto the image plane. To make use of cur-
rent graphics hardware the volume elements are constructed
as plane geometric primitives, e. g. a triangle fan around a ver-
tex. The possibility to use transparent objects is used to model
the thickness of the volume elements, see [19] for details. The
plane volume elements are rotated depending on the viewpoint
in such a way that the plane normal points towards the viewer.

These volume elements (e. g. OpenGL “QUADS” or
“TRIANGLE FANS”) are mapped with a texture. On newer
systems already supporting OpenGL 1.2, we can use 3D tex-
tures to draw onto the primitives. This gives a fast way to
sample down the rendering space into small pieces and to use
the abilities of inexpensive modern graphic cards (e. g. the
GeForcetm). In this space we gain speed out of the fast tri-
angle rendering GPUs on average PCs and Workstations, cf.
Fig. 1.

If the system only supports OpenGL 1.1 or lower, we
can only make use of 2D textures. In that case we have to
implement the handling of 3D textures by hand or to limit
ourselves to 2D textures in a special way. However, in the
second case we can take advantage of another nice feature of
OpenGL: We can define several 2D textures by ordinary im-
ages and stack one above the other to form a 3D space. If
we then decide to fix our viewpoint to the front of the stack,
we can render the whole volume just by drawing planes (or
geometric primitives) beginning with the plane in the greatest
distance up to the nearest plane.

It is also necessary to include opacity and transparency
values of the material to be rendered. This is also very simple.
All we have to do is to set the correct alpha values for the
OpenGL textures. The OpenGL system supports the rendering
of alpha weighted textures and so we obtain easy support even
for materials with varying opacities.

This is the main idea behind the renderer. The volume-
rendering subsystem has to work together with the solver
thread of the CFD simulator to allow animations of moving
fluids. By using geometric primitives and applying texture co-
ordinates to them as is explained above we are able to draw
optically high-resoluted fluids even if the CFD calculations are
performed on time conserving low-resoluted grids. The tex-
ture coordinates, which are defined at the edges of the primi-
tives, are then moved by the interpolated velocities in the CFD
grid.

By using this techniques it is possible to animate high-
resoluted fluids by evaluating the CFD equations only in a
much rougher grid and then to perform a fast volume rendering
of the solution.

The method of using textures for optical refinement of a
flow has also been used in [6, 20].

normalvectors always
orientated to viewpoint

rendered volume

plane
geometric primitive

CFD
evaluation point

texture
coordinate point

CFD grid

Figure 1: Volume renderer

4 Parallel Architecture

The sequential components described above can be split into
various parallel components. In the following we will give a
“top down” description of the parallelized components: First,
we give the top-level parallel architecture between the renderer
and solver components giving then the details on the paral-
lelization of the solver components itself, starting again from
the higher levels.

4.1 Communication and synchronization be-
tween renderer and solver components

In our program the renderer (OpenGL/QT window) interacts
with the CFD solverthread using a double-buffer. The part of
the double-buffer that is used by the renderer is called “current
renderer buffer”. It contains the current velocity field and en-
tities used for rendering, e. g. the current texture coordinates.
After the solver thread has completed one calculation-step and
has written its results in its “current solver buffer” (the other
part of the double-buffer), it (passively) waits for the renderer
to finish the current frame and then switches the pointers to
“current renderer buffer” and “current solver buffer”. Thus
only a switch of pointers has to be locked. A schematic view
is given in Fig. 2.

4.2 Parallelization of simulation program

We compute the vector field of velocities and the scalar quanti-
ties at discrete time-steps. The simulation of a the scalar quan-
tities at timetn requires the knowledge of the vector field at
this time step. However, in a simulation loop the simulation
of the vector field for time steptn+1 (using the values of the
vector field at time steptn) can be done in parallel to the sim-
ulation of the time step of the scalar field at time steptn (using
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Figure 2: Communication and synchronization between renderer and solver components

the value of the scalar fieldtn−1 and the vector field at time
steptn).

Any simulation step of the vector field requires the com-
putation of the sequenceadd force→ transport→ diffuse→
project (and similarly for the scalar quantities). These steps
have to be taken sequentially.

The add forcestep takes little time but the addition of
any force to a cell can be done in parallel. In the sequen-
tial program thetransport step requires a major part of the
computation time of the vector field simulation (about 40 %
for the examples given below). This step can be well paral-
lelized without synchronization requirements: the computa-
tion for any grid cell is independent of each other. Usingn
threads, wheren is about four times the number of available
processors to reach saturation, we divide the cells inn parts
and do the transport computation in then threads, each re-
sponsible for one part. As the computation of transport step
roughly takes the same time for any grid cell these threads can
be expected to have the same run-time.

Thediffusionstep requires a solution of the correspond-
ing equations in 3 dimensions, which are independent of each
other. So we can use 3 threads to do these computations in par-
allel, which require no synchronization and which have nearly
the same run-time. Parallelizing the diffusion computation for
each dimension themselves is possible in principle but can-
not be done without synchronization. The fastpois3d rou-
tines themselves are relatively hard to parallelize but because
of their much better performance we leave them as unparal-
lelized components, which run much faster than other paral-
lelizable components, cf. Sec. 2. As the performance mea-

surements given in Table 1 show we already have very good
speed ups even with these components unparallelized.

Theprojectstep requires the solution of one equation us-
ing pois3d and is thus currently unparallelized for the same
reasons discussed above in the diffuse step. It will become a
sequential bottleneck for a higher number of processors; for
a smaller number of processors there is still good parallelism
due to the parallel execution of renderer and the scalar field
computations.

The corresponding parallelization scheme for the vector
field solver is given in Fig. 3, the one for the scalar field solver
and the other quantities used for visualization (particles, tex-
ture coordinates) are given in Fig. 4.

5 Performance Measurements

In Table 1 the absolute computation times for the transport
and diffuse steps and their speed-ups on a 4 processor SGI
Onyx and a 4 processor SUN ULTRA E 450 are given. For the
transport step a theoretical speed-up of 4 is possible, for the
diffuse step the theoretical speed-up is 3. The given absolute
times are wall clock times and the averages of 10 runs. For the
measurements only the vector field computations have been
performed.4

4The results of several animations (using 6750 and 4096 cells)
can be found athttp://www.igd.fhg.de/igd-a3/projects/
physically-based-simulation-and-animation/cfd/ .

http://www.igd.fhg.de/igd-a3/projects/physically-based-simulation-and-animation/cfd/
http://www.igd.fhg.de/igd-a3/projects/physically-based-simulation-and-animation/cfd/


Figure 3: Parallelization of vector field solver

Figure 4: Parallelization of scalar field solver



Grid size machine transport diffuse
(# cells) time (msec) time (msec)

seq. par. speed-up seq. par. speed-up
3375 SGI 24 12 2.0 29 16 1.8
3375 SUN 23 8 2.8 51 21 2.4
4096 SGI 28 13 2.1 23 15 1.5
4096 SUN 28 10 2.7 39 16 2.4
6750 SGI 46 20 2.3 43 27 1.6
6750 SUN 48 16 3.0 87 36 2.4

29791 SGI 221 70 3.1 171 99 1.7
29791 SUN 232 77 3.0 304 138 2.2

117649 SGI 1060 258 3.8 912 465 1.9
117649 SUN 927 275 3.4 1275 559 2.3
125000 SGI 1052 275 3.8 1136 662 1.7
125000 SUN 1049 278 3.7 2180 902 2.4

SGI: 4 processor Onyx 2
SUN: 4 processor ULTRA E 450
seq.: sequential algorithm
par.: parallel algorithm on 4 processors
Computation times are averaged wall clock timings in milliseconds for one simulation step.

Table 1: Speed-ups on 4 processor workstations

6 Conclusion

We have shown that the unconditionally stable solution
scheme of the Navier-Stokes equation that has recently been
used for animation purposes can be parallelized with good
speed-ups on current multi-processor workstations. These
speed-ups close the gap that existed towards real time ani-
mation for several 3D-examples. In addition to parallelizing
the solver software the integration of a fast 3D-volume ren-
derer into the parallel framework has been an important step
to achieve this goal.

Our parallelization is portable on workstations and PC’s
running under the UNIX or the WIN32 operating systems. Be-
cause of the improving performance of relatively low cost mul-
tiprocessor PC’s our system will also allow real time fluid an-
imations on this rapidly growing hardware segment.
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